We show that the diagonal light-like solution with 16 supersymmetries in elevendimensional supergravity derived in our previous paper can be generalised to nondiagonal solutions preserving the same number of supersymmetries. Although the metric coefficients of this generalised light-like solution depend only on a single null coordinate, this class of solutions contains a subclass equivalent to the spatial-coordinate dependent class of solutions found by Bin Chen. Utilising these solutions, we construct toroidally compactified solutions that smoothly connect a static compactified region with a dynamically decompactifying region along a null hypersurface. * )
§1. Introduction
In cosmology based on higher-dimensional unified theories, dynamics of moduli associated with compactification has a crucial importance in constructing a realistic universe model as well as in investigating the early evolution of the universe.
This problem is closely related with stability of vacua. In general, it is often implicitly assumed that a supersymmetric vacuum is stable. This is generally correct for a supersymmetric theory without gravity. However, in supergravity, a supersymmetric vacuum can become unstable for small perturbations if that vacuum belongs to vacua in continuous degeneracy, that is, there exist (massless) moduli degrees of freedom. In general, such instabilities are associated with dynamically increasing supersymmetry breaking as in the case of the size-modulus instability for vacua with flux in warped compactifications of type IIB supergravity.
1)-3) This type of instabilities affect the expansion law of the universe significantly and often produce naked singularities or big-rip singularity. 1), 2) There can be another type of instabilities that connect two different supersymmetric vacua and are associated with topology change of the internal space 4), 5) such as the flop transition 6), 7) and the conifold transition. 8)-10) These types of transitions are also associated with supersymmetry breaking or singularity.
When a singularity appears in our spacetime, the usual approach based on general relativity has not much to say. It is here that superstring and M theories are expected to be useful. In fact recent study of time-dependent supersymmetric solutions in string theories and M theory casts new light on this problem. 11)- 25) In particular, various time-dependent solutions with partial supersymmetry are found and are used to study the nature of the singularity in the context of cosmology. Solutions with partial supersymmetry are important because these allow us to discuss nonperturbative regions of our spacetime. In this case, it has been argued that such singularity has a perturbative description in terms of dual matrix theories. It is interesting to explore this direction further and get more insight into the singularities, instabilities and other aspects of such time-dependent solutions.
The main purpose of the present paper is to point out that there exists another type of instability in M-theory, that is, a dynamical instability of extra-dimensions described by an exactly supersymmetric solution. Since supersymmetric solutions in supergravity always have time-like or null Killing vectors, 26)-33) dynamical phenomena can be described by supersymmetric solutions only when they have null Killing vectors. Recently, we have found a class of such solutions with 16 supersymmetries in M-theory with non-trivial 4-form flux.
16)
These light-like solutions are represented by a diagonal metric whose components depend only on a single null coordinate u. In the present paper, we slightly generalise these solutions to a class with non-diagonal metric preserving the spatial-coordinate independence and study their toroidal compactification. In particular, we explicitly construct compactification of supersymmetric regular light-like solutions for which the internal space is static in a half region of the spacetime with u < 0 and is dynamically expanding with u as u → ∞. We also point out that this type of solutions can be used to construct a supersymmetric solution which describes a creation and expansion of a stably compactified region in an asymptotically decompactifying background.
In this construction of dynamical compactification, non-diagonality of the metric is not essential. However, by this generalisation to non-diagonal solutions, we can investigate the problem in a quite wide class of solutions with 16 supersymmetries in spite of its independence of the spatial coordinates. In fact, we show that by appropriate coordinate transformations, the apparently more general solutions with spatial-coordinate dependence found by Bin Chen 15) can be mapped to a subclass of our generalised light-like solutions.
The present paper is organised as follows. In the next section, we show that our previous diagonal solutions can be generalised to non-diagonal solutions preserving 16 supersymmetries. Then, we prove that our generalised light-like solutions physically include Bin Chen's solutions as a subclass. We further illustrate this relation between these two representations of the same solution in terms of the Kowalski-Glikman solution 34) with 32 supersymmetries.
In Section 3, we study basic geometrical properties of our solutions. In particular, we determine the common maximal isometry group of our class of solutions. We also comment on some exceptional solutions with higher symmetries. With these preparations, we investigate toroidal compactification of our solutions and construct dynamically decompactifying solutions in Section 4. Section 5 is devoted to summary and discussions. §2. Light-Like Solutions in M-theory
Generalised Light-Like Solutions
The bosonic sector of the D = 11 minimal supergravity consists of a spacetime metric g M N and a 4-form flux F 4 . The field equations for them are given by
Here and in the following, we define the inner product of two p-forms as
Let us consider spacetime whose metric can be written
Here, g ij (u) is a general non-degenerate matrix depending only on the coordinate u. With respect to the null frame
4a) 
Throughout this paper, dot stands for derivative with respect to u.
From this, it follows that the components of the Ricci tensor other than R −− vanish. Hence, from the Einstein equations, we obtain
These equations are equivalent to
Under these conditions, F 4 · F 4 vanishes, and we can easily see that the Einstein equations reduce to the single equation
Now, the 4-form flux can be written
where
Hence, the field equation dF 4 = 0 yields
Since F 4 ∧ F 4 = 0 in the present case, the remaining field equation for 12) where * X denotes the Hodge dual on X 9 with respect to the metric g ij dx i dx j . Hence, the
Thus, F − should be a v-independent harmonic 3-form on the space X 9 . In particular, if we require that the curvature of the spacetime is bounded everywhere, (2 . 8) is consistent only when F −ijk is independent of v and x i . Hereafter let us assume this. The general regular solution to (2 . 1a) and (2 . 1b) with the metric form (2 . 3) is then given by a set of functions of u, g ij (u) and F −ijk (u), satisfying (2 . 8) . This solution reduces to the solution found in Ref.
16) when g ij (u) is diagonal.
Supersymmetry
In the Killing spinor equation
(2 . 14)
15) 16) the connection coefficients for the metric (2 . 3) with respect to the null frame (2 . 4) are given by
17a) 18) and the matrices T M are expressed as
19a)
19b) 19c) where
Therefore, the Killing spinor equation can be written
20b)
Here, note that Γ I···J 's are constant matrices and that h IJ , Ω IJ and F −IJK are functions only of u. Now, let ζ be a constant spinor satisfying 21) and ǫ = ǫ(u) be the solution to the ordinary differential equation with respect to u, 22) for the initial condition ǫ(u 0 ) = ζ. Then, from Γ − ǫ(u 0 ) = 0 and 23) if follows that Γ − ǫ = 0 holds for any value of u. This implies that ǫ = ǫ(u) is a solution to the above Killing spinor equation for any constant spinor ζ. Therefore, our generalised light-like solution always has 16 supersymmetries at least.
Relation to Bin Chen's solution
Recently, Bin Chen found a class of solutions with 16 supersymmetries in M-theory by generalising the plain wave solution. 15) In an appropriate gauge, his solution takes the form
24a)
where C and D are quadratic forms, and E is a bilinear form. The metric coefficients C ij , D ij and E ij are functions only of u. In Bin Chen's paper, D was further assumed to be diagonal. F −123 is determined in terms of these metric coefficients by the Einstein equations as in our case.
Apparently, this family of solutions may appear to be more general than ours or at least contain a class of solutions that are not included in our class, because the metric (2 . 24a) allows explicit spatial-coordinate dependence. However, this is not the case. On the contrary, we can show that Bin Chen's solutions constitute a subclass of our class in reality, at least locally.
To see this, let us consider the coordinate transformation u = u, v =v + A(y, y) + Ly + m, x = By + N, (2 . 25) where A is a quadratic form dependent on u, B is a matrix function of u, L and N are vector functions of u, and m is a function of u. In order for the metric (2 . 24a) to be transformed into the form (2 . 3) by this transformation, the following equations must be satisfied:
From these, we obtain L, m and A in terms of other quantities:
Inserting these expressions into the above equations (2 . 26), we obtain (gṄ) . = 0, (2 . 28a)
where the subscript a and s for a matrix represent the anti-symmetric and symmetric parts, respectively. In the last set of equations, the first and the last can be regarded as decoupled equations determining N and g from others. Hence, the only non-trivial conditions following from these areḂ = BD −1 X, (2 . 29a)
where X is a matrix function of u that is defined by the first equation. The second and third relations are then nothing but (2 . 28b) and (2 . 28c) after eliminating g using (2 . 28d).
These equations provide a set of ordinary differential equations with respect to u for B(u) and X s (u) and always have a solution, at least locally, for any given matrix functions C(u), D(u) and E(u). We do not have to assume that D(u) is diagonal. Further, it is obvious that the transformation (2 . 25) puts (2 . 24b) into (2 . 9). Thus, we have shown that our class of solutions are equivalent to a class obtained from Bin Chen's class by generalising D to a generic symmetric matrix and F 4 to the form (2 . 9).
Here, note that the metric matrix g ij (u) can be always diagonalised by the coordinate transformation of the form (2 . 25) and the metric (2 . 3) can be put into the form (2 . 24a), if we forget about the 4-form flux F 4 . However, it is in general impossible to put F 4 of the generic form (2 . 9) into the special form (2 . 24b) assumed by Bin Chen, by such a transformation at the same time. This implies that our class really contains solutions that are not covered by Bin Chen's class.
The Kowalski-Glikman Solution
Eleven-dimensional supergravity has exactly four types of solutions with 32 supersymmetries, among which the locally flat spacetime and the Kowalski-Glikman spacetime 34) can be put in the light-like form. Let us illustrate the general argument in the previous subsection by this Kowalski-Glikman solution, which can be expressed as
, (2 . 30a)
where (x i ) = (y 3 , z 6 ) and µ is a constant parameter.
For E = 0 and D = 1 9 in the general argument in the previous subsection, X becomes a symmetric matrix and satisfies the equatioṅ
This equation has the diagonal solution
The corresponding expressions for A, B and g are
Thus, we have found that by the coordinate transformation
the Kowalski-Glikman solution can be put into the spatial-coordinate-independent form
It is also easy to show that this solution allows 32 Killing spinors. In fact, they can be explicitly written
where ζ is an arbitrary constant spinor.
Here, note that the metric in the expression (2 . 35) is singular at the values of u where one of cos(a i u) vanishes. As is clear from the argument, these are not real singularities because (2 . 30) is not singular there. In fact, from (2 . 5), the non-vanishing components of the Riemann curvature are given by R −i−j = a In this section, we study basic geometrical features of the generalised light-like solution obtained in the previous section. In particular, we determine the common isometry group of the solution, i.e., the set of transformations that are isometry of the solution independent of the choice of g ij (u).
Isometry Group
The Killing equation for the spacetime (2 . 3) is given by
1e)
The first three of these equations imply
From these with (3 . 1e), we have
Substituting this into (3 . 1d), we obtain
which is equivalent to the following two equations:
Here, G ij is defined by
with u 0 being a constant. Therefore, the last Killing equation (3 . 1f) can be written
In particular, by comparing the term in proportion to v, we obtain
To summarise, the general solution to the Killing equation (3 . 1a)-(3 . 1f) can be expressed as
where κ j , η u j are constant vectors satisfying 10) κ and η u are linear functions of x i independent of u given by
and η k (x) and η v (x) are functions of x i independent of u satisfying
We can easily see that the reduced Killing equations (3 . 12) and (3 . 10) are satisfied independent of the choice of g ij (u) when κ = 0, η u = 0, η i = const and η v is linear in x i . For this, the Killing vectors are parameterised in terms of two constant vectors A i , B i and one constant scalar C as
Actually, this is the maximum common set of Killing vectors for all possible choice of g ij (u)
as shown in the next subsection. The corresponding isometry group G m consists of transformations of the form
14b) 
In particular, the commutant of two transformations is given by
Hence, G m is a nilpotent group, which becomes identical to the Heisenberg group in the case in which a and b have single components.
35), 36)
To be precise, the maximum common isometry group may contain extra discrete transformations. Such discrete elements can be systematically found by calculating the normaliser group of the connected component G m , as was done in 35) and 36) for Bianchi models.
However, we will not investigate this problem in the present paper.
Exceptional Geometry
In this subsection, we show that the isometry group G m found in the previous subsection is really the maximum isometry group for some solutions. We also give some exceptional solutions which have larger isometry groups.
Here we restrict the consideration to the diagonal metric case for which 17) and the matrix G is diagonal:
In this case, the condition (3 . 10) can be written
Since the left hand side is independent of u, the u-derivative of the right hand side should vanish:
giving e f i at most linear in u. Including the remaining case of vanishing η u i , we find that the following three cases occur up to rescaling of x i by constants:
Here, note that K i = 0 for the first two cases. Because
for the diagonal spatial metric from (2 . 5), this implies that the spacetime is flat if K i = 0 for all i. In fact, the metric
is transformed into
by the transformationx
Therefore, we can assume without losing generality that either (3 . 21a) or (3 . 21c) occurs for each i. Let S 1 be the set of indices corresponding to the first case and S 2 be that corresponding to the second case. Then, as is shown in Appendix A, the general solution to the Killing equation is given by
Here, κ, d 0 , d i , A i , B i and ω ij = −ω ji are constants such that d i = 0 if S 2 is not empty, and ω kl = 0 for k, l ∈ S 2 if and only if
Further, ℓ k is a constant related to f k by (A . 14a). As we will soon show, ℓ k = 0 if and only
Therefore, it is clear that the Killing vectors are exhausted by (3 . 13) if K i = K j (i = j) and 2K kKk − 3(K k ) 2 = 0 for all possible i, j and k. Now, we give some example of exceptional geometries explicitly in the diagonal case. Suppose that for some constants a, b and ℓ, f (u) satisfies
Then, by differentiating this by u, we obtain
When K ≡ 0 and a = 0, this equation leads to With the help of the above argument, we can easily find metrics satisfying the condition (3 . 29). For notational simplicity, we suppress the index k for a while.
i) The case of κ = 0, d 0 = 0: In this case, K must be constant. Hence, we have
where ν 2 is a real constant. The general solution to this equation is
Here, it is understood that for ν = 0, the limit ν → 0 keeping D 1 and D 2 constant is taken. The corresponding value of ℓ is given by
Note that the spacetime in this case is regular even at the values of u where e f k vanishes and can be extended across the corresponding null surfaces because R −i− j = −ν 2 i δ j i is regular and finite there. In fact, the Kowalski-Glikman solution is included in this case.
ii) The case of κ = 0: In this case, froṁ
The general solution to this equation can be written In this section, we consider toroidal compactification of generalised light-like solutions of the form
) and x = (x 10 , y) with u = (x 0 − x 10 )/ √ 2 and v = (x 0 +x 10 )/ √ 2. g(dz, dz) = g pq dz p dz q is an inner product dependent on u. We regard the z-directions as the extra dimensions and compactify them. Because g pq depends on u, the size of the compactified extra-dimensions changes with u or with x 0 and x 10 . We will show that we can construct a solution describing compactification-decompactification transition utilising this feature. We do not specify the 4-form flux at the beginning, apart from the general constraint (2 . 9) with F −ijk = F −ijk (u) and the Einstein equation (2 . 8) connecting F −ijk and the spacetime metric.
Abelian Discrete Isometry Group
In order to construct a toroidal compactification of our solution, we have to find an abelian discrete subgroup Γ of the isometry group G m . Let
be a set of elements in G m that represent the transformations
Here, for simplicity, we have set u 0 = 0 in the definition of G ij in (3 . 6), and
is regarded as a quadratic form or a linear transformation inb space depending on the situations.
Then, these transformations become mutually commutative if and only if
from the commutation relation (3 . 16) . In this paper, we only consider the case in which b p = 0 for simplicity but do not require a p to vanish for a reason explained later. Then, the above condition on the commutativity simplifies tõ
Whenb p (p = 1, · · · , 9 − m) are linearly independent, this condition can be expressed in terms of the matrices T = (T p q ) and B = (B pq ) defined bỹ
This is equivalent to the condition that T can be expressed in terms of a symmetric matrix S as
For example, when both T and B are diagonal, this condition is satisfied. When b p = 0 and the commutativity condition is satisfied, the generic element of the discrete transformation group
can be expressed as
In particular, when the vectors (a, b,b) p (p = 1, · · · , 9 − m) are linearly independent, Γ is isomorphic to a (9 − m)-dimensional lattice:
(4 . 14)
General Behaviour of the Solution
Before studying the compactification of the spacetime (4 . 1) by the lattice group Γ obtained in the previous subsection, we point out one important feature of the generalised light-like solution. Let us write the symmetric metric matrix g(u) in terms of a diagonal matrix D(u) and an orthogonal matrix O(u) as 15) and define the anti-symmetric matrix Ω by
Then, the Ricci curvature R −− is expressed as
where D p (p = 1, · · · , 9 − m) are the diagonal entries of D and
Hence, from the Einstein equation (2 . 8), we obtain
where the equality holds only when the 4-form flux vanishes and g is diagonal. This implies that K < 0 in some region if the 4-form flux does not vanish identically. Then, for 20) we obtain
where the last two equalities hold at the same time only when g is diagonal and (D 
Compactification
For this general feature, we cannot construct a non-trivial regular spacetime by the simplest compactification such that Γ consists of simple translations in the z-direction, i.e., a = b =b = 0, if we require that the size of the extra dimensions approach constant at u → ∞ or u → −∞.
However, if we consider transformations with a = 0 andb = 0, we can construct a regular spacetime that is compactified in one side of a null plane with constant u. For example, let us consider the solution in which g is represented by a diagonal matrix g pq = e 2fp δ pq satisfying the conditions
Then, G pq = F p δ pq behaves as
Hence, at u → ∞, the transformation g = (a,ã, 0,b) ∈ Γ can be written
where e is the diagonal matrix e p δ pq . Clearly, the size of the compactified z-space diverges at u → ∞ ifb = 0.
Next, at u ∼ 0, by the coordinate transformation
where α is the diagonal matrix α p δ pq , the spacetime metric can be written
Thus, the spacetime approaches Minkowskian as u → 0, as is expected from the discussions in §3.2. We can make the spacetime exactly Minkowskian near u = 0 if necessary.
In this region, g ∈ Γ can be written
where e ′ is the diagonal matrix e ′ p δ pq . Here, if we choose the generators of Γ so that they satisfyã
28a)
the above transformation ofv simplifies tō
from (4 . 12) and (4 . 13). These conditions on the generators are consistent with the commutativity condition (4 . 5). Hence, the compactification in this region is identical to the standard toroidal compactification, apart from a tilt of the extra-dimension direction y in the case when a = 0. This tilt can be eliminated by a linear coordinate transformation. Further, in terms of the coordinate system (u,v, y,z), we can extend this compactification to the region u < 0 as illustrated in Fig. 1 . For example,if we assume that the 4-flux vanishes and the spacetime is exactly locally flat there, the action of g ∈ Γ is identical to the simple spatial translation
Hence, the compactified spacetime is exactly the product of the (m+2)-dimensional Minkowski spacetime and a flat torus T 9−m with constant sizes.
Finally, let us examine the regularity of this compactified spacetime in the region u > 0. For the above parameter choice, g ∈ Γ can be written
Note that this transformation preserves
Since each eigenvalueĜ p ofĜ tends to −∞ at u → 0 and to ∞ at u → ∞, it has to vanish at some value of u. On that null hypersurface,Ĝ becomes singular and the translationsĜb p in the z-space are not linearly independent. If a = 0, the compactified spacetime has pathological singularity on this null hypersurface. For example, suppose that The situation is illustrated in Fig. 2 . We should first note that the rank ofĜ reduces at most by 1. This means that if we denote the eigenvalues ofĜ by If a were 0, the identification would be only for the direction of z 1 and the compactification radius would vanish across u = u 1 , as shown in Fig. 2 (a) . This gives a singular space.
However, if a is nonzero, the compactification radius does not vanish even for u = u 1 but the compactification direction rotates in the z 1 -y space, as shown in Fig. 2 (b) . At u = u 1 , the space decompactifies in the z 1 direction but compactifies in the y direction, and in this way we can avoid the singularity. It is interesting that the compactification direction is not always in the z 1 direction but rotates in the direction where the rank ofĜ is reduced. Clearly this rotation occurs (9 − m) times. Thus, starting from a generic light-like solution with two different asymptotically flat region as in (4 . 22) , we have constructed a compactified solution that connects a static region with constant extra dimensions smoothly to a dynamical decompactifying region by a lightlike 4-form flux. The decompactifying structure at u → ∞ can be more clearly seen in terms of the coordinates defined byv
whereD = u + e − e ′ . In this coordinate system, the spacetime metric at u ∼ ∞ becomes 36) and the transformation g ∈ Γ is written
This represents a standard toroidal compactification in the (y,z)-space.
Although we have considered only diagonal solutions here, it will be clear from the arguments so far that the above construction can be easily extended to light-like solutions with non-diagonal metric. We would also like to mention that the toroidal compactification considered in the present section preserves 16 supersymmetries of the light-like solution taken as the starting point. This can be explicitly confirmed as follows. First, by the transformation Φ represented as (4 . 3), the frame basis θ a transforms as
where h I is expressed in terms of (b i ) = (b,b) as
From the general relation
the transformation S of the Killing spinor ǫ is given by
It follows from this that any spinor field satifying Γ − ǫ = 0 is invariant under any transformation of G m . Hence, the 16 supersymmetries of a generalised light-like solution discussed in §2.2 are preserved by the toroidal compactification considered in the present section. §5. Summary and Discussion
In the present paper, we have found quite a general class of spatial-coordinate independent light-like solutions with 16 supersymmetries and studied their toroidal compactification. In particular, starting from a light-like solution which represents the exact Minkowski spacetime in a half region u < 0 and approaches a different Minkowski spacetime at infinity u → ∞, we constructed a toroidally compactified regular solution whose internal space size is constant in u < 0 and increases without bound at u → ∞.
The existence of such compactification is not a trivial result, because the Einstein equations require that if the 4-form flux F 4 does not vanish, the spatial metric becomes singular at a finite u and as a result the standard simple toroidal compactification produces singularities. In the present paper, we have overcome this difficulty by considering a tilted toroidal compactification with help of discrete transformations with boost components. In this compactification, the direction of compactified extra-dimensions rotates several times when we go across the region with F 4 = 0 from one flat region to the other flat region.
In the examples constructed in §4, the region with static internal space occupies a half infinite region of spacetime bounded by a null hypersurface. Hence, if we put this region in u < 0, the solution can be regarded as decompactification transition. However, if we consider the time-reversal of this solution, we obtain a solution describing compactification transition. In either case, two regions always coexist on a fixed time slice. Hence, it is difficult to directly relate the solution to cosmology, even if we forget about the static nature of the base spacetime. is a standard toroidal compactification of an exactly flat spacetime (see Fig. 3 . In this new solution, the region with static internal space is given by x 0 > |x 10 |. Hence, the solution represents a creation of a region with static internal space and its subsequent expansion with the speed of light. When this solution is extended to x 0 < 0, singularity appears. However, when quantum effects are taken into account, such singularity might be avoided and we will 23 obtain a solution describing quantum creation of stably compactified region. It will be quite interesting if one can find a similar solution with spherical symmetry in a class with a timelike Killing spinor. It will be also interesting to investigate the possibility that singularities associated with the simple toroidal compactification are resolved in a quantum framework such as the matrix model.
12), 25)
Hence, from K k = 0, we obtain
To summarise, for i, j ∈ S 1 ,
and for k ∈ S 2 ,
Finally, for k 1 , k 2 ∈ S 2 , (3 . 12) reads
If we introduceζ k (k ∈ S 2 ) bỹ . 10) this equation is equivalent to d i = 0 (since no other term depends on the coordinates x i (i ∈ S 1 )) and ∂ k 2 (e 2f k 1ζ k 1 ) + ∂ k 1 (e 2f k 2ζ k 2 ) = 0, (A . 11) which is the Killing equation for the Euclidean space. Hence, we obtain 12) where ω kl = −ω lk . By differentiating both sides of this equation by u, we have Here, since both S kl and ω kl are constant, ω kl = 0 only when s kl = −s lk is constant. Inserting these expressions into (3 . 9), we obtain the result (3 . 27).
